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RF structures for linear accelerators and synchrotrons are employing full-cell terminated cavities 
operating in the p-mode more often than in the past. This p-mode selection is  based mainly on 
performance improvements achieved for superconducting cavities and the economics associated 
with superconducting cavities in large facilities. An understanding of critical system parameters 
for these cavities has been reported in the literature and there is a reasonable database available for 
designers, builders and operators. This paper provides a background understanding of the principal 
TM010 passband modes, and how they are affected by tuning of the end cells of a multi-cell cavity. 
In addition, information is presented for interpreting 0-mode structure passbands such as for a 
drift-tube linac. 
1. INTRODUCTION 
An analysis of rf cavities used in accelerators requires many skills, competencies and 
operational knowledge. To interpret some of the data collected during cavity construction, it is 
necessary to use analysis tools and programs that assist the understanding of system 
properties. One data set that can assist builders and users is the mode frequency spectra for the 
passband of interest. To be able to understand cavity properties on the basis of measured 
spectra it is important to understand mode cell-to-cell relative on-axis electric fields and mode 
relative phases, especially when the system is imperfectly tuned. This information is provided 
below, with explanations of consequences and capabilities for using this data. In particular, 
characteristics for 0- and p-mode cavities are given. 
2. ANALOGUE SYSTEM 
The analogue of a multi-cell cavity with only first-neighbour coupling is shown in Fig. 1, 
a chain of coupled RLC loops used to represent a chain of coupled cells in a cavity; a method 
first suggested with capacitive coupling by Adlam and Dunn [1]. Cell resonant frequency f0 is 
represented by the angular frequency LC2/10 =w , cell quality factor by RLQ /2 0w= , 
coupling between cells by the mutual inductance factor k, and nth cell average on-axis electric 
field by the loop current in. This type of analogue has been demonstrated to fit actual cavity 
performance very well [2-5], and to agree (LOOPER [6] program) with complex calculations 
for multiple cell geometries using mesh codes such as SUPERFISH [7] or MAFIA [8]. 
The nth loop voltage relation for Fig.1 using Kirchoff’s Law is given by  
 
















which can be solved using finite difference techniques. Only equilibrium amplitudes of loop 
currents are provided in this paper, hence time-dependent solutions are ignored. The change in 
loop current between the nth and the n+1th loop (the first difference) is given by Din = in+1 - in, 
leading to a second difference of D(Din) = in+2 + in - 2in+1. Rearranging terms slightly, the 
second difference for the nth loop current is defined as D2in = in+1 + in-1 - 2in. Substitution of 
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this second difference into Eq. (1) gives D2in + (K+2)in = 0 with K = ([2wL-1/(wC)]- jR)/wkL. 
This typical wave equation has solutions in ~ Xn where X = exp(±jf); 2+= Kf . Terminat-
ing a chain of coupled loops results in a standing wave pattern formed by the superposition of 
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Fig. 1:  RLC coupled-loop analogue of multi-cell cavity with only first-neighbour coupling. 
 
For termination constants A in the first loop and B in the last loop of an N cell chain, the 

























































where w is the angular resonant frequency of the loop chain. The nth loop equation using the 
wave equation solution given above becomes 0)1( 21 =++- KXXX n . Neglecting the trivial 
solution X = 0, , gives jbaX ±=  with 2/Ka -=  and 4/1 2Kb -= . In polar coordinates 
this becomes ( )ffr sincos jX ±=  where 122 =+= bar  and ab /tan =f . From this 
coordinate transformation it is obvious that fcos2-=K . Combining this value for K with 
Eq. (3) and neglecting the imaginary part of the expression gives the following dispersion 
relationship for mode frequencies within the chain, independent of termination: 
( )qq kff fcos1/202 += . 
This expression relates the qth mode fq to the mode phase value fq with loop currents for this 
mode given by: 
qqn nni fcf cossin~ + , Nq L,2,1= . 
The terminology of phase shift between loops is carried over from travelling wave formalism 
and is used as a convenient means for differentiating between the modes of a particular 
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passband, in this case the TM010-like mode passband for accelerator applications. But this 
phase-shift terminology can lead to difficulties in interpretation as explained in Sec. 2.1. 
Expressions for fq and c are obtained from the first and last loop current equations, which 














=  (4) 
while substitution of c into the last equation gives the phi function h(f) used to solve for fq: 
( ) ( ) ( )( ) fffffff sincos]cos1141[cossin]32cos)1(14[)( 22 NBANBABAh ---+-++--=
 
which for AB =  simplifies to: 
 ( ) fffff cossin)21(2)1sin(]cos141[)( 22 NANAh -+---=  . (5) 
Throughout the rest of this paper, terminations on either end of the chain are assumed to be 
identical, i.e. B = A. Resonant modes with frequency fq are determined from the phi function 
based on particular values for phase fq that yield 0)( =fh . 
Of particular interest for accelerator applications are cavities with full-cell termination 
(A = 1) in which end cells are identical to the internal cells and with half-cell termination 
(A = 1/2) in which end cells (R/2, L and 2C) are one half of an internal cell, analogous to 
ending a real cavity cell at its radial symmetry mid-plane half way through the cell 
(zend = Ztot/2 for a full cell of length Ztot).   
For full-cell termination, c = 0 and sin[(N + 1)fq] = 0 yielding fq = pq/(N + 1), 
q = 1,2,3,¼,N. Loop currents for the qth mode are then given by in ~ sin(nfq). An important 
point to note for this termination is that the p/2 mode is the only mode with absolute values of 
loop currents along the chain that are equal in every odd-numbered loop and the only mode 
with p/2 phase shifts between all adjacent loops. Both the lowest and the highest frequency 
modes, known as the 0 and the p  mode (because these are the only modes with either 0 or p? 
phase shifts respectively between all adjacent loops) have absolute values of loop currents that 
are sinusoidal in nature. All other modes in the passband have adjacent cell phase shifts that 
are combinations of either 0, p/2 or p .  The fq = p/3 and the fq = 2p/3 modes are the only 
other modes with equal absolute values of loop currents (with every third loop zero) along the 
length of the chain.  For the 0- or p-modes the ratio of absolute value loop currents from the 
middle loop to the end loop RM-E  is given by ( )]}1)2/[(sin{)2/(1 +--=- NR EM gpg  where 
1=g  for odd N and 0=g  for even N. Using series expansion this becomes  
( ) ( ) pgp /]}126/[1){1( 222 +-++@- NNR EM . 
For half-cell termination, c = cot fq and sin[(N - 1)fq] = 0 yielding fq = p(q - 1)/(N - 1), 
q = 1,2,3,¼,N. Loop currents for the qth mode are then given by in ~ cos[(n - 1)fq]. An 
important point to note for this termination is that the 0, p/2, and p  modes all have absolute 
values of the loop currents along the length of the chain that are equal (only every odd-
numbered loop in the p/2 mode because every even-numbered loop has zero intensity).   
Within a cavity it is important that average on-axis electric fields in each cell are equal in 
absolute value:  
· for efficiency in converting input rf power into useful beam power, and  
· for ensuring that breakdown from high electric fields is not limited by just one cell, 
thus assuring the highest possible cavity acceleration within operational limits.   
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Having all of the fields equal in absolute value also makes it easier to control the cavity from 
an rf point of view, and to minimize effects associated with cell field emission and the related 
“dark” current. The term ‘flat’ field in the following is used to indicate achievement of equal 
absolute value fields in each useful cell. 
Comparison of the first and last loop equations for a full-cell terminated chain to those for 
a half-cell terminated chain shows that a modification to the end cell frequencies fend will give 
a similar type cell- to-cell field distribution with either the 0- or the p-mode being ‘flat’. To 
make either mode ‘flat’ for the full-cell terminated case ( )gkgkff end --= 12/10 ; 
2/10 gkff end +@  where 1=g  for the p-mode ( pf =N ) and 1-=g  for the 0-mode 
( 01 =f ). 
With this change to achieve ‘flat’ fields, the termination constant A to first order becomes 




























Substitution of this A value to determine c from Eq. (4) and f  from Eq. (5) gives: 
( ) ]2/1sin[~ qn ni f-  with Nqq pf =  for the p-mode and Nq ,,3,2,1 L= , and 
( ) ]2/1cos[~ qn ni f-  with ( ) Nqq 1-= pf  for the 0-mode and Nq ,,3,2,1 L= . 














f  except for pf =q  when the sum equals N. Section 3 also uses 






f  for the full-cell termination case with all loop frequencies 
identical. 
2.1 Phases 
Because of the historical use of travelling wave terminology on phases for the standing 
wave modes, some confusion remains regarding the term phase, phase shift between adjacent 
cells and phase value for a mode. This paper makes use of the term mode phase or number to 
signify a particular mode in the passband, phase shifts to designate the change in phase 
between adjacent cells, and the term phase value to indicate the h(f) solution and hence 
location for the mode on the dispersion curve. These terms do not always agree in numerical 
value as shown below. 
Fortunately half-cell termination represents a cut in an infinite chain of cells, a mirror 
image from each end. With this termination, the mode phase agrees with the mode phase 
value and it is easy to interpret parameters from fits to a dispersion curve, such as the 
important coupling constant k. Mode phase shifts between adjacent cells are what one would 
expect for the first, last and middle (if an odd number of cells) modes on the basis of the mode 
phase value. However as shown for the few examples listed in Table I, everything is not 
completely the same for the other modes, as determined from LOOPER calculations [9]. 
Modes have combinations of 0, p/2 and p  phase shifts between cells and it is only the first and 
the last modes that have either all 0 or p  phase shifts respectively. No matter the termination, 
the total phase shift from one end to the other is always (N-1) times the mode phase. 
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Table I: Comparison of Different Phase Terms for the Different Terminations 
 
Only phase shifts having differences from that of the half-cell termination case are shown 
in the full-cell termination columns “Adjacent Cell Phase Shifts Along Chain”. Variables not 
shown for the three full-cell termination cases are the same as those listed for the half-cell 
case. All of the full-cell terminations exhibit the same number of field sign changes from end 
to end as the half-cell termination. A thorough study of this table shows why it is important to 
use correct terminology and to use correct phase values when plotting dispersion curves. 
Correct values for the coupling constant will result from proper dispersion curve fits and this 
is extremely important as k is one of the parameters needed for one-step tuning [4] of p-mode 
cavities. An inspection of the table shows why it is important to maintain the terminology of 
calling the first mode the 0-mode and the last mode the p-mode since they not only have the 
correct phase differences between cells, but they exhibit the correct number of field reversals 
along the chain. In the four-cell full-cell terminated case with end cells detuned for a flat p-
mode it would be improper to call the first mode the p/4 mode because it does not exhibit a 
phase shift along the cavity. However, it is important to plot its frequency at the p/4 point for 
the dispersion curve. Similar comments can be made regarding the rest of the modes for full-
cell terminated cavities. Finally, a study of Figs. 9-13 demonstrates that mode distributions 
change smoothly from the 0-mode detune case to the no-detune case to the p-mode detune 
case. There are no breaks or discontinuities that justify a change in mode phase designation. 
3. ANALYSIS 
As stated above, for a ‘flat’ field distribution in a cavity, the end cells of a full-cell 
terminated chain must have their frequencies detuned so that )2/1(20
2 gkff end +=  yielding 
resonant frequencies for the modes of qq kff fcos1/0 += , using the appropriate expressions 
for fq given above. With this detuning, relative cell fields are as given above and each cell, 
other than the ends, has an individual frequency f0.   
To see how detuning affects the fields and the mode distributions, a fractional frequency 
difference d is introduced to the system of equations by changing the end cell frequency from 
its detuned state value to ( ) endend fnewf d+= 1)(  resulting in )22/1()( 202 d++= gkfnewfend . With this 
change, the termination constant A becomes ( ) qq kkgkgkA ffdd cos]cos22/122/[ ++++= . One 
































5 0 1 0 0,0,0,0 0 p/6 p/5 0
5 p/4 2 p/4 0,p/2,p/2,0 1 p/3 2p/5 p/5
5 p/2 3 p/2 p/2,p/2,p/2,p/2 2 p/2 3p/5 0,p,p,0 2p/5 p,0,0,p
5 3p/4 4 3p/4 p,p/2,p/2,p 3 2p/3 4p/5 3p/5
5 p 5 p p,p,p,p 4 5p/6 p 4p/5
4 0 1 0 0,0,0 0 p/5 p/4 0
4 p/3 2 p/3 0,p,0 1 2p/5 p/2 p/4
4 2p/3 3 2p/3 p,0,p 2 3p/5 3p/4 p/2
4 p 4 p p,p,p 3 4p/5 p 3p/4
Parameters Half-Cell Termination
Full-Cell Termination End-Cells
p-Mode Detune 0 -Mode Detune
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field distributions are significantly different for each mode, hence a frequency change in the 
end cells introduces different frequency shifts for each mode. Therefore in the expression 
used to determine a value for A, the mode frequency must be modified to account for mode 
distributions yielding a new average f0 on the basis of the sum of the squares of the fields in 
each cell as compared to the square of the end cell fields. Now qq knewff fcos1/)(0 +=  with, 
because of changes to the end cell frequency, )1()( 20
2
0 y+= fnewf  where y = (8d/N)sin
2(fq/2) 
except for fq = p  when y = (4d/N)sin2(fq/2) for calculations based on the p-mode detune case. 
Similarly, expressions based on the 0-mode detune case use y = (8d/N)cos2(fq/2) except for 
fq = 0 when y = (4d/N)cos2(fq/2). Expressions based on the no-detune case use 















.  (6) 
Using the A values given in Eq. (6) for a particular d, the expression Eq. (5) is used to 
determine values of fq from zero crossings of the function h(f). Using these values of phases 
for resonances, the mode cell-to-cell field distributions for each resonance in the cavity are 
determined using:  














Combining the two expressions gives in ~ sin nfq - 2(1-A)cosfq sin[(n-1)fq].  Mode resonant 
frequencies, phases and cavity field patterns cell-to-cell can be determined from expressions 
listed above. 
4. EXAMPLES 
A study of the function h(f) over a range of d for 0-mode detuning, p-mode detuning and 
no-detuning showed important factors relative to dispersion curve factors that have not been 
fully understood for many years. First, it is very important to use the appropriate expressions 
for the mode distributions and phase values, depending on the end-cell detuning used in the 
cavity. This important point was demonstrated for the LEP cavities with a determination [10] 
of the (in ~ sin[(n - 1/2)f]) relationship from coupled circuit calculations and testing sinusoi-
dal functions for best fit. Second, as shown in the following, large frequency shifts in the end 
cells have significant effects on the mode distributions and phase values (hence location on 
the frequency dispersion curve). Phase value solutions were similar for the different modes of 
the passband, independent of the starting detuned case, as long as rigour was used in defining 
starting phase values and frequency shifts relative to this starting point. 
Figures 2-4 show typical h(f) curves for a representative system with nine cells, 
unperturbed cell resonant frequency of 500 MHz, and a four percent coupling constant. A 
nine-cell chain was picked as a compromise to show trends more clearly than possible from a 
smaller number chain, without complicating the ability to see effects hidden by a larger 
number chain. Similar curves are obtained for other coupling constant values as long as the 
ratio d/k is kept constant. All figures are similar, almost independent of the starting detuned 
case. Figure 2 from the no-detuned case is identical to that produced from the 0-mode (with d 
= 0.01) or the p-mode (with d = -0.01) detuned cases. Phase values from the zero crossings 
are those expected for the no-detune solutions (fq = pq/(N +1)), as are the mode distributions 
(in ~ sin(nfq)). Figure 3 from the 0-mode detuned case and Figure 4 from the p-mode detuned 
case show the h(f) function for d shifts that result in a ‘flat’ 0-mode or p-mode respectively. 
Again all of the mode distributions agree with the simple sine or cosine functions derived 
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above, with the largest differences less than 0.3% for the four nearest modes to the detuned 
mode and less than 4% for the furthest mode. These differences are all accounted for by the 
two-term series expansion approximations used in determining Eq. (6). Note the 
discontinuities in the graphs associated with close to zero values in the denominator or 
numerator of the expressions. More work than reported here is necessary to simplify 
expressions close to these discontinuity areas to smooth out the function. 




















Fig. 2: Typical h(f) function for a nine-cell system with 4% coupling based on the no-detune case. All cells 
have identical resonant frequencies for this case. The curve shown is for an end-cell frequency shift d = 0.0. 
Identical results are obtained for the p-mode detune case with d = -0.01 and for the 0-mode detune case with d = 
0.01. These latter two d frequency shifts make all cell frequencies identical as well. 
Fig. 3. Typical h(f) function for a nine-cell system with 4% coupling based on the 0-mode detune case. For this 
case, end cells are detuned to achieve a ‘flat’ field for the 0-mode. The curve shown is for an end-cell 
frequency shift d = 0.0. Similar results are obtained for the p-mode detune case with d = -0.02 and for 
the no-detune case with d  = -0.01. These latter two d frequency shifts have the end-cell frequencies 
detuned for a ‘flat’ 0-mode field. 
Phi Function Zero Find





















Fig. 4: Typical h(f) function for a nine-cell system with 4% coupling based on the p-mode detune case. For this 
case, end cells are detuned to achieve a ‘flat’ field for the p-mode. The curve shown is for an end-cell 
frequency shift d = 0.0. Similar results are obtained for the 0-mode detune case with d = 0.02 and for the 
no-detune case with d = 0.01. These latter two d frequency shifts have the end-cell frequencies detuned 
for a ‘flat’ p-mode field. 
Phi Function Zero Find





















Figure 5 shows phase solutions obtained from multiple h(f) function analysis as a 
function of normalized dn frequency shifts, normalized to 0 being the no detune state for all 
three initial cases described above (or the case for full-cell termination with all cells 
identical). A dn value of 0.01 is close to mode distributions for the p-mode detuned state, 
while a dn value of –0.01 is close to the distributions for the 0-mode detuned state. Note the 
fast change in phase value for the end modes when close to one end of the detune values. Also 
note that the central mode shows characteristics of the p/2 mode for a rather large band of 
end-cell frequency shifts. Shifts larger than dn = ± 0.002 (±6 MHz at 3 GHz) result in loss of 
the stabilizing effects associated with the even-cell behaviour for the p/2 mode. An expansion 
of the central horizontal region of the figure resembles the expected phase values for 
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Fig. 5: Phase solutions for the nine modes of a nine-cell system with 4% coupling as a function of the end cells 
normalized fractional frequency detune (shift) dn. Notice the region for maintaining favourable p/2 mode 
characteristics where phase remains constant for |dn| < 0.002. Phase values for the modes at the end of 
the spectrum change rapidly when detunes are close to achieving ‘flat’ fields for either the 0-mode ( dn = 
-0.01) or the p-mode (dn = 0.01). This rapid change has a significant effect on fitting mode frequency 
data to a theoretical dispersion curve. 
 
An example of agreement between the three detuned cases is given in Fig. 6, showing 
phase solutions for the 9th (p) and the 7th modes. Agreement is better than expected for the 9th 
mode and reasonable for the 7th mode (the largest difference noted for any of the modes and 
an area greatly affected by discontinuity effects). It is easy to see that a combination of the 
results from the three detune cases makes for a better interpretation of the phase values. This 
is especially true when a detailed analysis of the phi function shows that care has to be taken 
for areas where an almost zero value is being divided by an almost zero value (at the ends of 
the pass band) or when there are almost zero values (around the middle of the pass band) in 
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Fig. 6. Phase solutions for two modes of a nine-cell system with 4% coupling as a function of the end cells 
normalized fractional frequency detune (shift) dn. Data shown are for the three different detune cases; 0-
mode detune, no-detune, and p-mode detune. Note excellent agreement for the p-mode state and 
reasonable agreement for the 7 th mode state. The 7 th mode difference is the largest noticed, with an exact 
mirror image noted for the 3 rd mode, with the larger differences occurring for positive dn values. 
 
In the past, mode spectra for full-cell terminated cavities were usually plotted with equal 
phase gaps between the modes from either 0 to p  or from p/(N+1) to Np/(N+1). This is clearly 
wrong for full-cell terminated cavities that have end cells tuned for ‘flat’ fields in either the 0-
mode or the p-mode. The discrepancy between plotting the modes in this manner with the 
theoretical dispersion curve is shown in Fig. 7. This figure shows spectra for the different 
normalized detune values dn used for Fig. 5. It is difficult to interpret the data in terms of the 
expected dispersion curve. This is true for p-mode cavities such as those used in 
superconducting cavities and for 0-mode structures such as those used in drift-tube linacs. 
Even a well-tuned system with ‘flat’ fields does not fit a typical dispersion curve. However 
the fit is much better when the proper phase values and relative field distributions are used as 
shown in Fig. 8. Here the data is much closer to what one would expect from a well tuned 
system. All of the points would fit the theoretical curve even better if the proper phase values 
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Fig. 7: Fitting mode spectra to a standard dispersion relationship with incorrect formalisms as utilized in the 
past. An inability to fit the data properly from 0 to p is evident. Significant differences exist between the 
theoretical curve and measured data when incorrect phase information is used for both 0-mode detuned 
and p-mode detuned systems. Spectra exhibit the expected shoulder at the end of the dispersion curve 
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Fig. 8: Fitting mode spectra to the standard dispersion relationship with correct formalisms for phase values. 
As compared to Fig. 7 notice the significant change in the ability to fit data to the theoretical dispersion 
curve, even though exact phase values are not used, just the relationship for a perfectly detuned system.   
 
Figures 9 to 13 show normalized relative cell fields for the nine modes of a coupled cavity 
on the basis of different frequency shifts dn. As before, the data for dn = 0.0 frequency shift is 
a full-cell terminated system with all cells identical, dn = -0.01 gives the field pattern for a 
full-cell terminated system with detuned end cells to give a ‘flat’ 0-mode distribution, and 
dn = 0.01 gives the field pattern for a full-cell terminated system with detuned end cells to 
give a ‘flat’ p-mode distribution. 












































































































Fig. 9: Relative on-axis electric fields of a nine-cell system with 4% coupling for different normalized 
fractional frequency shifts dn. Figure 9 a) shows fields for the 1
st mode (0-mode) and Figure 9 b) shows 


















































































































Fig. 10: Relative on-axis electric fields of a nine-cell system with 4% coupling for different normalized 
fractional frequency shifts dn. Figure 10 a) shows fields for the 3
rd mode and Figure 10 b) shows fields 



















































































































Fig. 11: Relative on-axis electric fields of a nine-cell system with 4% coupling for different normalized 
fractional frequency shifts dn. Figure 11 a) shows fields for the 5
th mode and Figure 11 b) shows fields 
for the 6th mode. Notice how more flat the curves for the 6th mode become as the dn value increases in a 



















































































































Fig. 12: Relative on-axis electric fields of a nine-cell system with 4% coupling for different normalized 
fractional frequency shifts dn. Figure 12 a) shows fields for the 7
th mode and Figure 12 b) shows fields 













































































































Fig. 13: Relative on-axis electric fields of a nine-cell system with 4% coupling for different normalized 
fractional frequency shifts dn. Figure 13 a) shows fields for the 9
th mode (p-mode). Notice how more flat 
the curves become as the dn value increases in a positive direction. Figure 13 b) shows fields for the 




5. SUMMARY AND CONCLUSIONS 
It is extremely important to utilize correct phase relationships and mode distributions for 
full-cell terminated cavities that have their end cells tuned for achieving ‘flat’ fields in either 
the 0- or the p-modes. In addition, a full-cell terminated cavity operating in the p/2 mode 
should have frequencies of all cells within 0.2% of each other, otherwise some of the benefits 
from the stabilizing effect of the p/2 mode will be lost. Important relationships that should be 
used are summarized in Table II. 
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Some earlier concerns with understanding and interpreting mode spectra from a drift-tube 
linac with many drift tubes are now much clearer. Detuning of the end cells to obtain flat 
fields [11] and the sensitivity parameters [12] measured have a foundation for understanding 
on the basis of this work.   
In Figs. 9-10 note that relative fields of the four lowest modes are more exaggerated the 
more positive the dn value. Perhaps this information can be used to determine and/or verify 
how well the end cells are detuned to desired values. In Fig. 11 a) it is evident how the almost 
zero value for the even cells (the stability factor for the p/2 mode) is lost for 002.0>nd . 
Figures 11 b), 12 and 13 a) show that relative fields of the four highest modes are more 
exaggerated the more negative the dn value, the exact opposite to that shown for the four 
lowest modes. One half of the passband displays a different nature than the other, the 
behaviour expected from biperiodic systems. Figure 13 b) shows the flat fields obtained for 
either the 0-mode or the p-mode when end cells are detuned by amounts given in Table I. 
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